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Objective of the project

Goal: stabilize the system:

ur(x, t) — €1t (X, t) + u(x, t)ux(x,t) = 0, x € [0,1]
u(0,t) = 0
u(l,t) = U(t)
ve(x, t) — eavix(X, t) + v(x, t)vx(x,t) = 0, x € [1,1+ D]
v(l,t) = qu(l,t)
v(l+D,t) = W(t)

where
@ €1,63,D>0,9 € R.

o U, W are the control inputs to the system.



Interconnected roads example

u(©,t)=0 v(1,t) = qu(1,t)

Flux velocity: u(x, t)\ m@ (X, t)\ m
0 / 1 / 1+D

| (1) — 1ttaa(@,1) + u(@, Dus(z,) = 0 |ui(2,1) — exvs0(z,t) + v(z, O)vs(z,t) = 0

Figure: Real life example of the coupled Burgers' equations




@ First approach: with only one equation
@ Problem Formulation
@ Lyapunov Stability & Controller Design
@ Simulation

© Back to the coupled problem
@ Lyapunov Stability & Controller design: coupled case
@ Simulation

© Current/Future Work: the inviscid case
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First approach: with only one equation Problem Formulation
Lyapunov Stability & Controller Design
Simulation

Problem Formulation

We first consider the system
ur(x, t) — e1u(x, t) + u(x, t)ue(x,t) = 0, x € [0,1]

u(0,t) =
u(l,t) = U(t)
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First approach: with only one equation Problem Formulation
Lyapunov Stability & Controller Design
Simulation

Lyapunov Function

Let’s define the Lyapunov function (L? norm of u):

1
V(t):% /0 u(x, £)2dx
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First approach: with only one equation Problem Formulation
Lyapunov Stability & Controller Design
Simulation

Lyapunov Function

Let’s define the Lyapunov function (L? norm of u):

1
wo:;Aumn%x

And take its derivative:

1
V(t) = qWﬂMLO—qALﬂ&O&—;f@ﬂ
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First approach: with only one equation Problem Formulation
Lyapunov Stability & Controller Design
Simulation

Controller Design

We choose a controller:

Ut) = —c(u(l,t)+ u(1,£)?), with ¢ > ——
6¢€1
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First approach: with only one equation Problem Formulation
Lyapunov Stability & Controller Design
Simulation

Controller Design

We choose a controller:

Ut) = —c(u(l,t)+ u(1,£)?), with ¢ > ——
6¢€1

which leads to:

V() = —a /01 Rdx — exc(u(l, ¢) + (1, £))u(1, £) — %u3(1,t)
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First approach: with only one equation Problem Formulation
Lyapunov Stability & Controller Design
Simulation

Controller Design

We choose a controller:
1
U(t) = —c(u(l,t)+u(l,t)?), with ¢ > o
€1
which leads to:

V() = —a /01 Rdx — exc(u(l, ¢) + (1, £))u(1, £) — %u3(1,t)

' u(l,t) o 2
= —el/udx—ec[1+ +u (1,t)| u™(1,t)
0 3€1C

>0 with this choice of ¢
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First approach: with only one equation Problem Formulation
Lyapunov Stability & Controller Design
Simulation

Controller Design

We choose a controller:
1
U(t) = —c(u(l,t)+u(l,t)?), with ¢ > o
€1
which leads to:

V() = —a /01 Rdx — exc(u(l, ¢) + (1, £))u(1, £) — %u3(1,t)

' u(l,t) o 2
= —el/udx—ec[1+ +u (1,t)| u™(1,t)
0 3€1C

>0 with this choice of ¢
1
< - / u?dx
0

Saad Qadeer & Jean-Baptiste Sibille L2 Stabilization of Coupled Viscous Burgers' Equations



First approach: with only one equation Problem Formulation
Lyapunov Stability & Controller Design

Simulation

1
V(t) < —e [ uldx
0
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First approach: with only one equation Problem Formulation

Lyapunov Stability & Controller Design
Simulation

1
V(t) < —«a A u?dx
1
< —e u2(x,t)dx "~ Poincaré's inequality
0
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First approach: with only one equation Problem Formulation
Lyapunov Stability & Controller Design

Simulation

1
V(t) < —61/ u?dx
0
1
< —61/ u2(x,t)dx "~ Poincaré's inequality
0

which leads to

V(t) < —2eV(t)
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First approach: with only one equation Problem Formulation
Lyapunov Stability & Controller Design

Simulation

1
V(t) < —61/ u?dx
0
1
< —61/ u2(x,t)dx "~ Poincaré's inequality
0

which leads to
V(t) < —2eV(t)

Hence

Exponential Stability

V(t) < V(0) exp(—2e1t)
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Lyapunov Stability & Controller design: coupled case

Back to the coupled problem Simulation

Recall the system

Goal: stabilize the system:

ur(x, t) — erus(x, t) + u(x, t)ux(x,t) = 0, x € [0,1]
u(0,t) = 0
u(l,t) = U(t)
ve(x, t) — eavix(X, t) + v(x, t)vx(x,t) = 0, x € [1,1+ D]
v(l,t) = qu(l,t)
ve(l+ D, t) = W(t)

where
@ c1,60,D>0,9gcR.

e U, W are the control inputs to the system.
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Lyapunov Stability & Controller design: coupled case

Back to the coupled problem Simulation

Lyapunov Function

Let's define the Lyapunov function

1 /1! ) 1 (D )
V(t) = 2/0 u(x, t)*dx + 2/1 v(x, t)“dx
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Lyapunov Stability & Controller design: coupled case

Back to the coupled problem Simulation

Lyapunov Function

Let's define the Lyapunov function

1 1 1 1+D
V(t)= 3 / u(x, t)?dx + = / v(x, t)2dx
2 Jo 2/,
We have:
. 1 14D
V(t) = —61/ uy(x, t)de—ez/ vie(x, t)2dx
0 1
+ (1, t) (61U(t) + %(q3 ~1)u(l, £)? — eaqui(l, t)>
+ v(1+D,t) <62 W(t) — %v(l + D, t)2>
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Lyapunov Stability & Controller design: coupled case

Back to the coupled problem Simulation

Controller Design

We choose the control laws as

ut) = —qvx(l t)— —I(q 3—1)u(1,t)2

3¢1
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Lyapunov Stability & Controller design: coupled case

Back to the coupled problem Simulation

Controller Design

We choose the control laws as

€2 1 3 2
U(t) = Z2qu(lt)— —(¢° — u(l,t
(1) o (1t) = 5 (q7 = 1u(1, 1)
1 , 2
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Lyapunov Stability & Controller design: coupled case

Back to the coupled problem Simulation

Controller Design

We choose the control laws as

€2 1 3 2
U(t) = Z2qu(lt)— —(¢° — u(l,t
(1) o (1t) = 5 (q7 = 1u(1, 1)
1 , 2

We get

. 1 1+D
V(t) = —61/0 Uy (x, t)%dx — 62/1 vie(x, t)2dx
+ wu(1,t) <61 u(t) + %(q3 — Du(1,t)? — eaquy(1, t)>

b ov(14D, 1) <62W(t) _ %v(l +D, t)2>
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Lyapunov Stability & Controller design: coupled case

Back to the coupled problem Simulation

. 1 1+D
V() = —a | u(x,t)’dx—e vie(x, t)2dx
0 1

2
—%v(l—i— D, t)?
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Lyapunov Stability & Controller design: coupled case

Back to the coupled problem Simulation

. 1 1+D
V(t) = —61/ U (x, t)?dx — 62/ vie(x, t)2dx
0 1

2
—%v(l—i— D, t)?

1 €2 1+D
—61/ u(x, t)?dx — 2/ v(x, t)?dx
0 b= Jy

IN
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Lyapunov Stability & Controller design: coupled case

Back to the coupled problem Simulation

. 1 1+D
V(t) = —61/ U (x, t)?dx — 62/ vie(x, t)2dx
0 1

2
—%v(l + D, t)?

1
< —61/0 U(X, t)de — ﬁ

In the case D < 1, we use 5—% < —1 to get

. 1 1+D
V() < o[ uxiPd-a [ vion2d
0 1
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Lyapunov Stability & Controller design: coupled case

Back to the coupled problem Simulation

. 1 1+D
V(t) = —61/ U (x, t)?dx — 62/ vie(x, t)2dx
0 1

2
—%v(l + D, t)?
1 € 1+D
< —61/ u(x, t)?dx — Dz/ v(x, t)?dx
0 1
In the case D < 1, we use 5—% < —1 to get
_ 1 1+D
V(t) < —61/ u(x, t)?dx — 62/ v(x, t)?dx
0 1

1 1 1 1+D
—2min{ey, ez} <2 / u(x, t)2dx + 3 / v(x, t)2dX>
0 1

IN
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Lyapunov Stability & Controller design: coupled case

Back to the coupled problem Simulation

. 1 1+D
V(t) = —61/ ux(x, t)2dx—62/ v (X, t)2dx
0 1
2
—%v(uo, £)?

1 € 1+D
< —61/ u(x, t)%dx — Dz/ v(x, t)%dx
0 1
In the case D < 1, we use 5—% < —1 to get
_ 1 14D
V(t) < —61/ u(x, t)2dx — 62/ v(x, t)zdx
0 1

1 1 1 1+D

< —2min{e, 2} </ u(x, t)2dx+/ v(x, t)2dx>
2 Jo 2.1

= —2min{61,62}V(t)
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Lyapunov Stability & Controller design: coupled case

Back to the coupled problem Simulation

In the case D > 1, we use B—% > —1 to get

. 1 € 14D
V) < —g5 [ uxord— gk [ vixeres
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Lyapunov Stability & Controller design: coupled case

Back to the coupled problem Simulation

In the case D > 1, we use B—% > —1 to get

5 dx — 6—22 /HD v(x, t)%dx
D= Jo b= Jx

_ 2 . 1 1 t)2d +1/1+D ( t)2d
Emm{el,eg} 2/0 u(x, X+ 3 . v(x, Ix

V(t)

IA
|
=
—~
X
~
~
N

IN
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Lyapunov Stability & Controller design: coupled case

Back to the coupled problem Simulation

In the case D > 1, we use B—% > —1 to get

> /1 (x, t)*d
v(x, Ix
D? J, D2 J;

_ 2 . 1 1 t)2d +1/1+D ( t)2d
Emm{el,eg} 2/0 u(x, X+ 3 . v(x, Ix

2 .
=~ min{e1, e2} V(1)

V(t)

A
|
|
<
x
3
N
&
|
|

IN
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Lyapunov Stability & Controller design: coupled case

Back to the coupled problem Simulation

In the case D > 1, we use B—% > —1 to get

U < 2 [ ueepd —Q/HD (x, t)%d
< p? | u(x, X~ 1 v(x, Ix
< —2 minfa,e) 1/1 (x, t)2d +1/1+D (x, £)2dx
< oz min{er, €2} 5 A u(x, X+ 35 1 v(x,
2 .
= —ﬁmln{el,eg}V(t)
In the end:
: min{e1, €2}
V() ~ “max{1, D2} V()
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Lyapunov Stability & Controller design: coupled case

Back to the coupled problem Simulation

Hence

Exponential Stability

min{el, 62}

V(t) < V(0)exp ~max(1, D2}
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Lyapunov Stability & Controller design: coupled case
Simulation

Back to the coupled problem

Figure: Simulation using finite differences with Ax = 0.1, At = 0.005. The
red lines represents x = 1.
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Lyapunov Stability & Controller design: coupled case
Simulation

Back to the coupled problem

Figure: Plot of log(V/(t)) against t and the best fit line.
Theoretical slope < —0.25. Simulated = —0.78.

2 T ; T . T

log(W(t))
A Linear Best Fit

-4+ S 4

log(V(t))

-B T 1
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Current/Future Work: the inviscid case
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Current/Future Work: the inviscid case

Problem formulation

ur(x,t) + u(x, t)ux(x, t) = 0, x € (0,1)
u(0.8) = Un(t)
u(l,t) = Ui(t)
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Current/Future Work: the inviscid case

Problem formulation

ur(x, t) + u(x, t)ux(x,t) = 0, x €(0,1)
u(0,t) = U(t)
u(l,t) = Ui(t)
Issue: Even for smooth boundary conditions, the solution doesn't

always exist in a classical sense, but rather in a weak sense, with
weak boundary conditions. Hence the solution can exhibit shocks.
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Current/Future Work: the inviscid case

Equilibrium

Most general form of equilibrium for this equation:

Figure: Inviscid case equilibrium.
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Current/Future Work: the inviscid case

Conclusion

@ We achieved stabilization of the coupled Burgers' equation.
@ Not shown in this presentation:

e Equilibria analysis for the viscous case.
e Constant control in the viscous case.
o Linearized form of the Burgers' equation (heat equation).
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Current/Future Work: the inviscid case

Questions?

Figure: McDonald's approves Burgers' equations
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