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multicellular hybrid systems. The resulting switching-mode
dynamical system combines discrete dynamics modeled by a
Þnite automaton for thetransitions between the modes and con-
tinuous dynamics in the form of linear discretized dynamical
systems. Estimation of hybrid systems has been widely studied
in past work [16], [17]. In particular, such techniques have
been successfully used for aircraft tracking in [13] in which
BarÐShalomÕsinteracting multiple model (IMM) algorithm
was used [1]. Similar hybrid estimation algorithms and their
applications are described in [12], [23], [28]. While the IMM
algorithm seems a natural approach for the estimation of hybrid
systems, it is intractable when applied to the discretized LWR
PDE (thus highway models) because the combination of the
modes of each cell induce an exponential number of modes.
2) The domains of the mode vectorsDom(m) are also ex-
pressed with explicit linear constraints, and they form a poly-
hedral partition of the state space. Even though the IMM is
a natural algorithm for hybrid estimation, it is not tractable
because of the exponential number of modes. Hence, the second
contribution consists in proposing two methods: 3) The Þrst
one takes advantage of the geometric properties of the space of
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TABLE I
GODUNOV SCHEME W.R.T. DISCRETESTATES mi AT CELL i, E.G., IF ρ ∈ Dom({mi = 4}) = L i−1/2 ∩ D i+1/2 ={ρ|ρi−1 > ρc,

ρi ≤ ρc, ρi+1 + (vf /wf )ρi ≤ ρjam}, THEN ρt+1
i = L4 · [ρt

i−1, ρt
i, ρt

i+1]
T
+ w4 = (1 − αvf )ρ

t
i + αvf ρc

andw(·) : Q �→ R are deÞned in Table I, andP (·) is the
projection operator ontoV ect(ei−1, ei, ei+1).

¥ domain of the modesDom(mi) deÞned in the Table I
and (8).

We note thatDom(mi) refers to the subset ofRn+2 in
which the mode of celli is mi. Since the linear constraints
that deÞneDom(mi) (see Table I) only concern variables
ρi−1, ρi, ρi+1, the projection ontoV ect(ei−1, ei, ei+1) contains
all the information on the shape ofDom(mi).

Proof: We prove the result formi = 4, the other cases fol-
low similarly. Whenρ ∈ Dom({mi = 4}) = L i−1/2 ∩ D i+1/2

following the deÞnition ofDom(mi) in Table I, we have
G(ρi−1, ρi) = qc andG(ρi, ρi+1) = vfρi from (7) then

ρ+i = ρi − α (G(ρi, ρi+1) − G(ρi−1, ρi))

= ρi − α(vfρi − qc) = (1 − αvf )ρi + αqc

hence ρ+i = L(4) · [ρi−1, ρi, ρi+1]T + w(4) with L(4) :=
[0, 1 − αvf , 0] andw(4) := αvfρc following the deÞnitions of
L(mi) andw(mi) in Table I. �

We note that the condition(ρti−1, ρ
t
i, ρ

t
i+1) ∈ P (Dom(mi))

in the discrete dynamics is a reset relation at each time step: the
mode at timet is directly given by stateρt.

E. Discretized System as a Hybrid System

The mode of each cell can be listed in avector m ∈
{1, · · · , 9}n in which theith entry is the discrete state at cell
i. We call it themode vector. As a result, the domain of the
mode vectorm ∈ {1, · · · , 9}n is

Dom(m ) =
n⋂

i=1

Dom(mi). (11)

For example, ifn = 2, then the stateρ = [ρ0, ρ1, ρ2, ρ3] is in
[0, ρjam]4 with boundary cellsρ0 andρ3 and the mode vector
m is in {1, · · · , 9}4. More speciÞcally

Dom ({m = (2, 3)})

= Dom ({m1 = 2}) ∩ Dom ({m2 = 3})

= (W 1
2
∩ L 1+1/2) ∩ (L 1+1/2 ∩ W 2+1/2)

= W 1/2 ∩ L 1+1/2 ∩ W 2+1/2

=
{
ρ ∈ [0, ρjam]4|ρ1 +

vf
wf

ρ0 > ρjam, ρ1 > ρc, ρ2 ≤ ρc,

ρ3 +
vf
wf

ρ2 > ρjam

}
. (12)

We will show later that the subsetsDom(m)Õs form a partition
of [0, ρjam]n+2.

For each mode vectorm, we construct the matrix
Am ∈ R(n+2)×(n+2), and the row vectorsbm, ct ∈ Rn+2 in
the form

Am =

⎡
⎢⎢⎢⎢⎣

0 · · · 0
L(m1)

. ..
L(mn)

0 · · · 0

⎤
⎥⎥⎥⎥⎦, bm =

⎡
⎢⎢⎢⎢⎣

0
w(m1)

...
w(mn)

0

⎤
⎥⎥⎥⎥⎦, ct=

⎡
⎢⎢⎢⎢⎣

u(t)
0
...
0

d(t)

⎤
⎥⎥⎥⎥⎦

(13)

whereL(mi), w(mi) are deÞned in Table I, andu(t), d(t) are
the upstream and downstream densities, respectively. This leads
to one of the main results of the paper:

Proposition 1: The discretized LWR equation using the
Godunov scheme and with a triangular ßux function is an
autonomous hybrid automaton with afÞne components:

¥ discrete statem ∈ {1, · · · , 9}n;
¥ stateρt ∈ [0, ρjam]n+2 at timet;
¥ inputs(u(t), d(t)) ∈ [0, ρjam]2;
¥ discrete dynamicsρt+1 = Amρt + bm + ct if ρt ∈

Dom(m);
¥ domain of the discrete statesDom(m) deÞned in (11).

Proof: The formulation as a hybrid automaton is obtained
by stacking the states and modes in the hybrid automaton
formulation of the Godunov scheme into a vector, and the linear
transformations into a matrix. �

Finally, we note that the conditionρt ∈ Dom(m) in the
discrete dynamics is a reset relation at each time step: the mode
at timet is directly given by stateρt.



THAI AND BAYEN: STATE ESTIMATION FOR POLYHEDRAL HYBRID SYSTEMS 315

Algorithm 1 Find the mode vector:rho2m (ρ). The parame-
tersd(1),d(2),d(3) ∈ R3 in (10) describe the domain of each
mode vector [see Table I and (17), (10), (11)]

Require: current stateρ = [ρ0, · · · , ρn+1] ∈ [0, ρjam]n+2

1: for i ∈ {0, · · · , n} do
2: x = [ρi, ρi+1, 1]T
3: I = [d(1)x > 0,d(2)x > 0,d(3)x > 0] ∈ {0, 1}3
4: if I(1) ∧ I(3) then s(i) = W ρ ∈ W i+1/2

5: if I(2) ∧ ¬I(3) then s(i) = L ρ ∈ L i+1/2

6: if ¬I(1) ∧ ¬I(2) then s(i) = D ρ ∈ D i+1/2

7: end for
8: for i = {1, · · · , n} do
9: if {s(i) = W} ∧ {s(i + 1) = W} then mi = 1
10: if {s(i) = W} ∧ {s(i + 1) = L} then mi = 2
11: if {s(i) = L} ∧ {s(i + 1) = W} then mi = 3
12: if {s(i) = L} ∧ {s(i + 1) = D} then mi = 4
13: if {s(i) = D} ∧ {s(i + 1) = W} then mi = 5
14: if {s(i) = D} ∧ {s(i + 1) = L} then mi = 6
15: if {s(i) = D} ∧ {s(i + 1) = D} then mi = 7
16: end for
17: return m = [m1, · · · , mn] ∈ {1, · · · , 7}n

III. D ESCRIPTION OF THEMODE VECTORS

A. Accepted Mode Vectors

The following analysis is motivated by the fact that
Dom(m) = ∅ for some values ofm, which means that some
of the mode vectorsmÕs are notaccepted by the system.

Definition 1: We say that a mode vectorm is accepted by
the system if and only if its domainDom(m) is not empty.

Proposition 2: The mode vectorm ∈ {1, · · · , 9}n is ac-
cepted by the system if and only if we have the following two
conditions:

mi ∈ {1, · · · , 7}, ∀i ∈ {1, · · · , n} (14)

∀i ∈ {1, . . . , n−1}, mi+1 ∈

⎧⎨
⎩

{1, 2} if mi ∈ {1, 3, 5}
{3, 4} if mi ∈ {2, 6}
{5, 6, 7} if mi ∈ {4, 7}.

(15)

Proof: From (8), it is easy to see thatW i−1/2 ∩ D i+1/2 =
L i−1/2 ∩ L i+1/2 = ∅ for all i = 1, . . . , n. Hence,Dom({mi =
8}) = Dom({mi = 9}) = ∅ (see Table I). In other words,m
is not accepted if it has an entry in {8,9} which gives the Þrst
condition.

We note that for a Þxedi, the polyhedraW i+1/2, L i+1/2,
D i+1/2 partition [0, ρjam]n+2. SinceDom(mi) ∩ Dom(mi+1)
is of the form

Dom(mi) ∩ Dom(mi+1)

=(P i−1/2∩ P i+1/2)∩(P ′
i+1/2∩P i+1+1/2)⊂P i+1/2∩P ′

i+1/2

with P i+1/2, P ′
i+1/2 ∈ {W i+1/2, L i+1/2, D i+1/2}, then m

is accepted ifP i+1/2 = P ′
i+1/2. In other words,Dom(mi) =

P i−1/2 ∩ P i+1/2 and Dom(mi+1) = P ′
i+1/2 ∩ P i+1+1/2

must overlap. This gives condition (15).
Reciprocally, ifm satisÞes conditions (14) and (15), then

we have overlaps betweenDom(mi) andDom(mi+1). Hence,
Dom(m) is of the form

Dom(m ) =
n⋂

i=0

P i+1/2

P i+1/2 ∈ {W i+1/2, L i+1/2, D i+1/2}, i = 0, . . . , n. (16)

The intersection of any pair of two consecutive polyhedra
in (16) has to be among the Þrst seven subsets in Table I.
Hence, for alli = 1, . . . , n, the projection ofDom(m) onto
V ect(ei−1, ei, ei+1) is one of the seven subsets ofR3 shown in
Fig. 3, which are all nonempty. Hence,Dom(m) is the product
of nonempty spaces; hence, it is nonempty. �

From the analysis above, we also conclude that under con-
ditions (14) and (15), the domain of an accepted mode vector
can be decomposed in the form (16). This is illustrated in the
derivation ofDom({m = (2, 3)}) in example (12) above.

From (14), the space of discrete states of the Godunov
scheme at each cell is reduced to{1, . . . , 7} and the space in
which the mode vectorm lies is reduced to{1, . . . , 7}n.

Definition 2: For an accepted mode vectorm and the
associatedDom(m) =

⋂n
i=0 P i+1/2, a mode string s =

s(0)s(1)s(2) · · · s(n) is associated withm if s(i) = W
(resp.L, D) if P i+1/2 = W i+1/2(resp.L i+1/2, D i+1/2) and
a mode string is accepted if and only ifs(i)s(i + 1) ∈
{WW, WL, LW, LD, DW, DL, DD} for all i, from the anal-
ysis done in Proposition 2.

Proposition 3: The number of accepted mode vectors is
asymptotically3.1778 · (2.2470)n. (Proof in the Appendix (see
Fig. 4)).

Proposition 4: The polyhedraDom(m) associated with ac-
cepted mode vectorsm form a partition of[0, ρjam]n+2.

Proof: Let m and m′ be two distinct accepted mode
vectors and s, s′ the associated strings. We picki ∈
{0, . . . , n} such thats(i) �= s′(i). Then Dom(m) ⊂ P i+1/2

and Dom(m′) ⊂ P ′
i+1/2, whereP i+1/2 and P ′

i+1/2 are two
distinct polyhedra amongW i+1/2, L i+1/2, D i+1/2. Hence,
Dom(m) and Dom(m′) are disjoint, and for anyρ ∈
[0, ρjam]n+2, we can Þnd its associated accepted mode vector
m such thatρ ∈ Dom(m); hence, the differentDom(m) span
the whole state space. �

Algorithm 2 mode vectorm to mode string:m2s(m)

Require: accepted mode vectorm.
1: if m1 ∈ {1, 2} then s(0) = W P1/2 = W 1/2 in (16)
2: if m1 ∈ {3, 4} { then s(0) = L P1/2 = L 1/2 in (16)
3: if m1 ∈ {5, 6, 7} then s(0) = D P1/2 = D 1/2 in (16)
4: for i ∈ {1, . . . , n} do
5: mi∈{1, 3, 5} then s(i)=W Pi+1/2 =W i+1/2 in (16)
6: mi ∈ {2, 6} then s(i) = L P i+1/2 = L i+1/2 in (16)
7: mi ∈ {4, 7} then s(i) = D P i+1/2 = D i+1/2 in (16)
8: end for
9: return the mode strings(0)s(1) · · · s(n)
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Fig. 6. We want all the polyhedra of the partition adjacent to a Þxed polyhe-
dron. First, we Þnd all theK facet-deÞning hyperplanes of purple, i.e., minimal
representation. Then for each facet, we Þnd the only polyhedron that shares this
facet with purple. Hence,K is also the number of polyhedra of the partition
adjacent to purple.

by a zero-mean Gaussian noiseηt ∼ N (0, Qt) with covariance
Qt. The discrete dynamics in mode vectorm become

ρt+1 = Am ρt + bm + ct + ηt. (19)

The mode vectorm is no longer Þxed byρt, but a probability
distribution over all accepted mode vectors is maintained to take
into account the uncertainty in mode estimation; that is, at each
time stept, the model is in several different mode vectors with
positive probabilities. We add anobservation model

zt = Htρt + χt (20)

whereχt ∼ N (0, Rt) is the zero-mean observation noise with
covariance matrixRt, andHt is thedt × (n + 2)-dimensional
linear observation matrix which encodes thedt observations
(each one of them being at a discrete cell on the discretization
domain) for which the density is observed during discrete time
stept, andn is the dimensionality of the system. In the trafÞc
case, sensing devices (such as loop detectors) are placed at
several locations along a section of highway, and their positions
are encoded in the matrixHt. For example, in the discrete
case forn = 3, if one sensor is in cell 1 and another in cell
3, then both sensors provide observationszt1 = ρt1 + χt

1 and
zt2 = ρt3 + χt

2, which is in matrix form(
zt1
zt2

)
=

(
0 1 0 0 0
0 0 0 1 0

)
ρt +

(
χt
1

χt
2

)
(21)

where the state isρt = (ρt0, ρt1, . . . , ρt5)T . In this small exam-
ple, the observation matrix isHt = (0) 1000 00010 and the
number of observations isdt = 2.

In the rest of the section, we use the standard notations
mj for the different mode vectors, and subscriptj denotes
quantities that are pertaining to modemj . Note thatmj refers
to the wholemode vector m and not the entries ofm.

Let ρ̂t:t andP t:t be thea posteriori state estimate and error
covariance matrix at timet. Thepredicted state estimatêρt+1:t

j

and covariance estimateP t+1:t
j of the prediction step in mode

mj are

Prediction : ρ̂t:t+1
j = Ajρ̂t:t + bj + ct

P t:t+1
j = AjP

t:t(Aj)T + Qt. (22)

The measurement residual rt+1
j , residual covariance St+1

j ,
Kalman gain Kt+1

j , updated state estimate ρ̂t+1:t+1
j , andup-

dated estimate covariance P t+1:t+1
j of theupdate step in mode

j are

Residuals : r t+1
j = zt+1 − Ht+1ρ̂t:t+1

j

St+1
j = Ht+1P t:t+1

j (Ht+1)T + Rt+1

Kalman gain : Kt+1
j = P t:t+1

j (Ht+1)T (St+1
j )−1

Updates : ρ̂t+1:t+1
j = ρ̂t:t+1

j + Kt+1
j r t+1

j

P t+1:t+1
j = (I − Kt+1

j Ht+1)P t+1:t
j .

(23)

In [19], a measure of the likelihood of the Kalman Þlter in
modej is given by themode likelihood function Λt+1

j , where
N (x; a, b) is the probability density function of the normal
distribution with meana and varianceb

Λt+1
j = N

(
r t+1
j ; 0, St+1

j

)
. (24)

The noise might result in densities outside bounds. We
project onto [0, ρjam]n+2, i.e., the equation is implicitly
ρ̂t+1:t+1
j = Π(ρ̂t:t+1

j + Kt+1
j rt+1

j ) whereΠ(·) is the projec-
tion operator. This is a legitimate because densities cannot be
negative nor exceed a maximum valueρjam.

B. Interactive Multiple Model KF

Let us denote by{m(t) = mj} the event that the system is
in the modemj at timet. We then assume that the model is a
discrete-time stochastic linear hybrid system in which the mode
evolution is governed by the Þnite state Markov chain

µt+1 = Πµt (25)

whereπij = P (m(t+1) = mj |m(t) = mi) for all mi,mj ∈
M is the mode transition matrix,µt

j = P (m(t) = mj) for all
mj ∈ M is the mode probability at timet; and the set of
accepted modes isM.

Effective estimation techniques for stochastic hybrid systems
are based in multiple models since it is natural to apply a
statistical Þlter for each of the modes. TheInteractive Multiple
Model (IMM) algorithm [1], [4], [20] is a cost-effective (in
terms of performance versus complexity) estimation scheme in
which there is amixing/interacting step at the beginning of the
estimation process, which computes new initial conditions for
the Kalman Þlters matched to the individual modes at each time
step as illustrated in Fig. 7.

We consider the IMM algorithm in whichMt is the set of
modes for which the Kalman Þlter is applied at time stept. The
setMt is the set of modesmj with positive mode probabilities
Mt = {mj |µt

j > 0}. In the standard IMM, a Þlter is applied to
every mode. The components of themixing step are themixing
probability µ

t|t+1
ij of being in modei at time t given that the

mode at timet + 1 is j, themixed condition ρ̂t:t
0j andP t:t

0j for
the state estimate and covariance of modej at timet, and the
Òspread-of-the-meansÓXj in the expression ofP t:t

0j . They are
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Fig. 7. Illustration of the structure of IMM algorithm for a two-mode system
from [27].

computed forj � M t +1 w.r.t. �� t :t
i andPt :t

i , the state estimate
and its covariance of Kalman Þlteri at timet:

µt |t +1
ij =

1
Zj

� ij µt
i for i � M t with Zj =

�

i �M t

� ij µt
i

�� t :t
0j

=
�

i �M t

�� t :t
i µt |t +1

ij

P t :t
0j

=
�

i �M t

P t :t
i µt |t +1

ij + X j

X j :=
�

i �M t

�
�� t :t

i Š �� t :t
0j

� �
�� t :t

i Š �� t :t
0j

� T
µt |t +1

ij . (26)

We apply the Kalman Þlter in each modej � M t +1 (KF j ) as
described with ((22), (23)) and the resulting mode likelihood
functions� t +1

j are obtained from�� t +1: t +1
j andPt +1: t +1

j with
(24). The mode probabilityµt = { µt

j } is then updated through

µt +1
j =

1
Z

� t +1
j

�

i �M t

� ij µt
i for j � M t +1 (27)

where Z is a normalization constant and� t +1
j is the mode

likelihood function deÞned in (24). The output of the IMM
algorithm are the state estimate�� t +1: t +1 which is a weighted
sum of the estimates from the Kalman Þlters in each mode and
its covariancePt +1: t +1 , and the mode estimate�m t +1 is the
mode which has the highest mode probability. They are given
by thecombinationstep

�� t +1: t +1 =
�

j �M t +1

�� t +1: t +1
j µt +1

j

P t +1: t +1 =
�

j �M t +1

P t +1: t +1
j µt +1

j + X

X :=
�

j �M t +1

�
�� t +1: t +1

j Š �� t +1: t +1 �

×
�
�� t +1: t +1

j Š �� t +1: t +1 � T
µt +1

j

�m t +1 := arg max j �M t +1 µt +1
j . (28)

In [13], [19], the IMM algorithm is used as a hybrid estimator
for air trafÞc control (ATC) tracking. The models used include
one for the uniform motion and one (or more) for the maneuver.
However, the discretized PDE model described in Section II has
an exponential number of modes, which induces an exponential
time complexity of the IMM.

C. Extended Kalman �lter

In the simplest case, we assume that the only possible mode
at the next time is the modem j of the estimate, i.e.,M t +1 =
{ m j } and µt +1

j =1 with �� t :t � Dom(m j ). We apply the
Kalman Þlter only to this mode. WithM t = { m i } , (26)
become

�� t :t
0j

= �� t :t
i , P t :t

0j
= Pi . (29)

We apply the Kalman Þlter only to modem j to obtain�� t +1: t +1
j

andPt +1: t +1
j . Finally, the outputs of thecombination stepgiven

by (28) are simply�� t +1: t +1 = �� t +1: t +1
j , P t +1: t +1 = Pt +1: t +1

j ,
and �m t +1 = m j .

In this model, the IMM algorithm is exactly anExtended
Kalman �lter (EKF) applied to our discretized system presented
in Proposition 1. The linear model in modem such that
�� t :t � Dom(m ) coincides exactly with the linearization of the
discrete dynamics around�� t :t .

Despite the exponential number of modes, we can compute
thepredicted state estimate�� t +1: t

j and thepredicted covariance
estimatePt +1: t

j in mode m j [see (22)] in linear time and
quadratic time, respectively, without generating any dense ma-
trix becauseAj is completely deÞned by mode vectorm j and
Aj is tridiagonal (see Algorithm 7). Hence, the time complexity
of the prediction step isO(n2), with constant space complexity.
With d the number of observations (or number of sensors), the
time complexity of theupdate stepof the Kalman Þlter given by
(23) isO(dn2 + d3 + nd2), and so as the two steps combined
of the KF.

In comparison, theEnsemble Kalman Filter(EnKF) is a
popular estimation algorithm for nonlinear dynamical systems.
It is commonly used in the trafÞc monitoring community [30].
The EnKF is based on aMonte Carlo approximationof the
Kalman Þlter which approximates the covariance matrix of
the state vector with the sample covariance of the ensemble.
The prediction step consists in applying the systemÕs dynamics
to each sample, which has complexityO(Nn 2), whereN is the
number of samples (ensemble members). MandelÕs report [22]
shows that the computational complexity of the update step of
the EnKF algorithm isO(d3+ d2N + dN 2+ nN 2). So the total
complexity of the EnKF isO(d3+ d2N + dN 2+ nN 2+ Nn 2).
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Algorithm 6 describes the EKF. The parametersL (1), . . . ,
L (7) � R3, w(1), . . . , w(7) � R, given in Table I describe the
linear modes of our hybrid system.

Algorithm 6 (Explicit) Extended Kalman Þlter

Require: initial state � 0 � [0, � jam ]n +2 , boundary condi-
tions (u(t), d(t)) t � 0, state covariance{ Qt } t � 0, observations
{ z t } t � 0, observation matrix{ H t } t � 0, observation covariance
{ Rt } t � 0.

1: for t � { 0, 1, 2, · · ·} do
2: m = rho2m (�� t ) {mode estimate, see algo. 1}
3: ( �� t +1 , P t +1 )= KF (m , �� t , P t , · · ·) {KF, see algo. 8}
4: end for
5: return ( �� t , P t )t � 0

Algorithm 7 Prediction step of Kalman Þlter in modem :
predict (m , � , P, u+ , d+ , Q)

Require: mode vectorm = [ m1, . . . , mn ] � { 1, . . . , 7} n , cur-
rent state � = [ � 0, . . . , � n +1 ] � [0, � jam ]n +2 , current state
estimate covarianceP, next boundary conditionsu+ , d+ � R,
current state noise covarianceQ.

1: � +
0 = u+

2: � +
n +1 = d+

3: for i � { 1, . . . , n} do
4: � +

i = L (mi ) × [� i Š1, � i , � i +1 ]T + w(mi )
5: end for
6: M := zeros(n+2 , n+2) {create temporary matrixM }
7: for (i, j ) � { 1, . . . , n} 2 do
8: M ij = L (mi ) × [Pi Š1,j , Pi,j , Pi +1 ,j ]T {do A × P}
9: end for
10: for (i, j ) � { 1, . . . , n} 2 do
11:P+

ij = [ M i,j Š1, M i,j , M i,j +1 ]× L (mj )T {do (AP )AT }
12: end for
13: P+ = P+ + Q {predict state covariance}
14: return � + , P+

Algorithm 8 Kalman Þlter in modem :KF (m , �� t , P t , u(t +
1), d(t + 1) , Qt , z t +1 , H t +1 , Rt +1 )

Require: mode vectorm , current state�� t , current state esti-
mate covariancePt , next boundary conditionsu(t + 1) , d(t +
1), current state noise covarianceQt , next measurementzt +1 ,
next observation matrixH t +1 , next observation covariance
Rt +1 .

1: ( �� t :t +1 , P t :t +1 )= predict ( �� t , P t , {· · ·} ) {see algo. 7}
2: ( �� t +1 , P t +1, � t +1 )= update ( �� t :t +1 , {· · ·} ) {see (23)}
3: return �� t +1 , P t +1 , � t +1

D. Extended Kalman �lter: Numerical Results

In trafÞc estimation, the density measurements along the
highway are usually sparse. For example, in the 18-mile stretch
of I-880 Northbound in the Bay Area, CA [see Fig. 9(a)], the

Mobile Millennium trafÞc monitoring system receives mea-
surements from 29 loop detectors (PeMS) every 30 s on March
5th, 2012 between 7am and 8am. This section of highway
is discretized into cells of length 198 m, hencen = 148 and
m = 29, and the EnKF with 100 ensembles is currently used for
trafÞc estimation, soN = 100 andm � min(n, N ). Hence, the
time complexities of the KF (or EKF) and EnKF areO(mn2)
and O(n2N + nN 2), respectively. WithN large (> 50), the
complexity analysis predicts that the EKF should be faster than
the EnKF.

The running times of the implementation of both the EKF
and the EnKF estimators on an Intel Core i5 480M 2.67 GHz are
shown in Fig. 8(a), for increasing portions of the I-880 starting
from East Industrial in Fremont, CA. For example, 60 cells
(� 7.5 miles) span from East Industrial to Dumbarton Bridge,
and 113 cells (� 14 miles) reaches San Mateo Bridge. The EKF
is signiÞcantly faster than the EnKF with 100 samples, which
is implemented in the Mobile Millennium. This conÞrms our
complexity analysis of both algorithms.

Fig. 9(c), (d) shows the contour plots of the output of the
EnKF and the EKF estimators, which consists in the density
in the time-space domain. The regions with high densities are
represented in red and the regions with low densities in blue.
Both estimators give very similar higher resolution scalar Þelds
of the density (1440 time steps by 141 cells) by assimilating
sparse density measurements (240 time steps by 29 PeMS sta-
tions, see Fig. 9(b)). Moreover, by removing measurements at
an arbitrary cell, Fig. 8(b) shows that the estimation algorithm
performs well since the density estimate is close to the actual
measurement.

In summary, the explicit representation as a switched hybrid
system gives a powerful framework for tracking the mode
evolution and preforming hybrid estimation. For instance, the
EKF can be implemented easily by applying the KF in the mode
vector of the state estimate. However, straight application of
the IMM algorithm [19] is not tractable because the complexity
is O(� n (2.247)n ) where� n is the complexity of the KF and
(2.247)n is the asymptotic number of modes.

V. REDUCED IMM

A. Reduction to Adjacent Modes

We presented an algorithm to construct the minimal rep-
resentation ofDom(m ), which enables to Þnd the adjacent
modes. Moreover, two adjacent modes only differ by at most
two entries. Hence, when the discretized model is in quasi-
steady state, andn is relatively small, only one cell switches
mode at the next time step, so the state is most likely to jump
to an adjacent mode vector. This suggests to consider only the
mode of the state estimate and its adjacent modes. Hence, the
number of modes considered is less than2(n + 1) .

We can further reduce the number of modes by taking into ac-
count the state covarianceP and the distance between the state
estimate and the facets of the polyhedron. LetH be the minimal
representation of the mode vector�m of the state estimate (i.e.,
�� � Dom( �m )), and letH � H with equationH = { � |a · � Š
b � 0} and � a� 2 = 1 . Then the distance from the supportive
hyperplane� H is: d( �� , � H ) = min � �� Š � H � 2 = |bŠ a · �� |.
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