Lecture 12: convergence

* More about multivariable calculus

* Descent methods

« Backtracking line search

* More about convexity (first and second order)
* Newton step

+ Example 1: linear programming
+ Example 2: linear programming
+ Example 3: linear programming
+ Example 4: linear programming

one var., one constr.)
one var., two constr.)
two var., one constr.)
N var., M constr.)
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Derivative, i.e. gradient (multiple variables)
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General interpretation of derivative (gradient):
First order approximation of the function (affine)
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Second derivative

slope of the slope

General interpretation of second derivative:
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Hessian matrix (multiple variables)

What if function has more than one variable?

[ is twice differentiable if dom [ is open and the Hessian VZf(x) € S”,
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Descent methods, convex functions (reminder)

oD = ) AR ith flax®Hy < f(ath)y

e other notations: &7 =& +tAx, v :=x +tAx
e Az is the step, or search direction; t is the step size, or step length

e from convexity, f(x ") < f(x) implies Vf(x)' Az < 0
(i.e., Az is a descent direction)

General descent method.

given a starting point z € dom f.

repeat
1. Determine a descent direction A,
2. Line search. Choose a step size t > 0.
3. Update. = := = + tAzx.

until stopping criterion is satisfied.

[S. Boyd, L. Vandenberghe, Convex Convex Optimization lect. Notes, Stanford Univ. 2004 ]

Backtracking methods

exact line search: ¢ = argmin,_, f(x +tAx)

backtracking line search (with parameters o € (0,1/2), 5 € (0,1))

e starting at t = 1, repeat t := 3t until

f(x+tAx) < f(z)+ atVf(z) Az

e graphical interpretation: backtrack until t <t

/ f(z 4+ tAx)
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[S. Boyd, L. Vandenberghe, Convex Convex Optimization lect. Notes, Stanford Univ. 2004 ]




Backtracking methods
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Backtracking methods
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Backtracking methods

Stopping f(x —}—tAIL”) < f(g;) +()4tVf(x)TAZL”

criterion
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Backtracking methods

Stopping f(x —}—tAIL”) < f(g;) +()4tVf(x)TAZL”

criterion

A

f(z +tAx)

|/
7\4

t=20 \ 15'0 o~

f(x) +tVi(x)'AZ

() + atV () Aw




Backtracking methods

Stopping f(x —}—tAIL”) < f(g;) +()4tVf(x)TAZL”

criterion
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Backtracking methods

Stopping f(x —}—tAIL”) < f(g;) +()4tVf(x)TAZL”

criterion
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Backtracking methods

f STOP f(z+tAx) < f(z) +atVf(z) Az
A

f(z +tAx)
(r) + atV () Ax
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Backtracking methods

exact line search: ¢ = argmin,_, f(x +tAx)

backtracking line search (with parameters o € (0,1/2), 5 € (0,1))

e starting at t = 1, repeat ¢ := 3t until

f(x+tAx) < f(z)+ atVf(z) Az

e graphical interpretation: backtrack until t <t

/ f(z 4+ tAx)
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[S. Boyd, L. Vandenberghe, Convex Convex Optimization lect. Notes, Stanford Univ. 2004 ]




Convex functions: reminder

f:R" — R is convex if dom f is a convex set and
fOr+(1—=0)y) <0f(x)+(1—0)f(y)

forall z,y edom f, 0 <6 <1

e fis concave if —f is convex

e fis strictly convex if dom f is convex and
J(b + (1= 6)y) < 8f(x) = (L= 0)f(y)
fore.yedom f, a4y, 0<0<1

[S. Boyd, L. Vandenberghe, Convex Convex Optimization lect. Notes, Stanford Univ. 2004 ]

First order conditions

f is differentiable if dom f is open and the gradient

V() = (Uf(l'l') Of () Uf(f:lf))

dry ~ dry oz,
exists at each = € dom f

1st-order condition: differentiable f with convex domain is convex iff

fly) = flx)+ Vf(;r)T(fy —x) forall z,y € dom f

first-order approximation of f is global underestimator

[S. Boyd, L. Vandenberghe, Convex Convex Optimization lect. Notes, Stanford Univ. 2004 ]




Second order conditions

f is twice differentiable if dom f is open and the Hessian V2f(x) € S”,

~ Pf()

/ 2 Y. —
\Y f(l )1.7 f)l’,'(':);l‘f

exists at each x € dom f

2nd-order conditions: for twice differentiable f with convex domain

e f is convex if and only if

V2f(z) =0 forall z € dom f

o if V2f(z) = 0 for all z € dom f, then f is strictly convex

[S. Boyd, L. Vandenberghe, Convex Convex Optimization lect. Notes, Stanford Univ. 2004 ]

Newton step

Quadratic approximation of a function
Fla o) = fla) + f/(@)v+ 57" (2)0?

Graphical interpretation

A f (Qf ) Numerical solution

(z, f(x)) \

L
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Newton step

Quadratic approximation of a function
Fla o) = fla) + f/(@)v+ 57" (2)0?
Graphical interpretation -~
/ il
' /
Af(z) i
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Newton step

Quadratic approximation of a function
Fla o) = fla) + f/(@)v+ 57" (2)0?

Find the minimum of f(.%“ + U) with respect to U

flx+v) = f'(z)+vf'(z)

(x)
77(z)
/')

Newton step: AfL’nt — T~

/" ()

f’(;z?—{—v) =0 v=—
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Newton step (more than one dimension)

Az = =V2f(2) 'V f(x)

interpretations

e 1+ Axr,: minimizes second order approximation
fle+v)=fle)+ Vi) Tv+ 51.*1“?“]‘ (x)v

e 1 + Aux, solves linearized optimality condition

Vi(r+v) = Vf(:zt +0) =V (x)+Vif(x)v =0

[S. Boyd, L. Vandenberghe, Convex Convex Optimization lect. Notes, Stanford Univ. 2004 ]

Newton step descent algorithm

General algorithm:

given a starting point @ € dom f, tolerance € > 0.
repeat
1. Compute the Newton step and decrement.
Az = —V2 () 'Vf(2);, N :=Vfi(a)'Vif(x) 'Vf()
2. Stopping criterion. quit if A?/2 < e.
3. Line search. Choose step size t by backtracking line search.
4. Update. = .= o= + tAxy:.

12



Application: linear programming

Back to linear programming: how would you solve a

linear program with interior point methods?

min: c¥.x

s.t. Ax<Db
Instantiation of all the constraints:

min: cyx] + coxo + -+ CNCN
s.t.: apry taypre+ -t ayjryo- +a NTN < b
a1 + ag oy + - 4 agjrj -+ ay NUN < by

ap1ry + aprorg + - Fapjrj - +ay ey < by

Application: linear programming

Back to linear programming: how would you solve a

linear program with interior point methods?

min: c¥.x

s.t. Ax<Db

Instantiation of all the constraints:

min: cyxy + crs + -+ eney
s.t.r by — (ap17 +(ll.2172+"'+al.j17j"'+(11.NIN) >0
bo — (ag 11 + agoxo + -+ ag jrj- - +as NTN) >0

bar — (aarpzy +anroxo + - -+ angjrj - +aynen) =0




Linear programming (one variable, one constraint)

Example: one constraint min: c¢-z
s.t. ar <b

Rewrite the constraint min: c-x
s.t. b—ax >0

Add logarithmic barrier min: ¢z — clog(hb — ax)
s.t.  no constraints

Solve the unconstrained control problem:

Linear programming (one variable, two constraints)

Example: two constraints min: c¢-x
s.t. ar < b
dr < e

Rewrite the constraints min: c¢-x
s.t. e—dx >0
b—axr >0
Add logarithmic barrier
min: c¢-x —clog(b—ax)—clog(e — dx)
s.t.  no constraints
Solve the unconstrained control problem:

a d

+ ¢
b— ax e —dx

fl(x)=c+e
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Linear programming (two variables, two constraints)

Example: two variables /two constraints min: «x + Sy
s.t.  yr <9
Cy <¢
Rewrite the constraints min: ax + Sy
sit. 00—~z >0
{—Cy=0
Add logarithmic barrier
min: ax + By — clog(d — vx) — elog(€ — (y)
s.t. no constraints

Solve the unconstrained control problem:

Vf(r,y) = ( (; ) +5< z >
§—Cy

Linear programming (two variables, one constraints)

Example: two variables /two constraints min: «ax + Sy
s.te. yr 40y < p

Add logarithmic barrier
min: ax + By — elog(p — (v + dy))
s.t.  no constraints

Solve the unconstrained control problem:

o e e
Vit = (5 )+ 2 )
' p—(yz+oy
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Linear programming (N variables, M constraints)

Example: two variables /two constraints
min: cyz| +coro + -+ eyen

s.t.: ayry taygre+ ot ay oo Fag NTN
a2 1T +az2r2 + -+ agrj-- +ax NTN
ap1vy +ap2x2 + - Fap T+ Ay NTN

Rewrite the constraints

min: cjxqy + coro + -+ eyen

sit.: by — (a2 Faipxe + - Fay - Fag NTN)
by — (ag 121 + agoxo + -+ agjrj - +as NTN)
bar — (anrawy +an2wo + -+ angjag -+ ay N

< by
< by

<bpn

N) =0

Linear programming (N variables, M constraints)

Rewrite the constraints

min: cixqy + coro + -+ eyen

sit.: by — (a2 Faipxe + - Fay - Fag NTN)
by — (ag 121 + agoxo + -+ agjrj - +as NTN)
bar — (anrpwy +apgows + -+ -+ apg - -+ ay N

Add logarithmic barrier:

min: c x4+ coxo + -+ cyen
+elog(by — (ap 21 +ajpre + - +ayjx; -+ ay NIN))
+¢elog(by — ((12_11‘1 + azory + -+ ag jx; -+ (1-2_;\:';1’_\'))

+elog(byr — (anrawr + aproxa + - - + anjxj - - +ayney)) =0

s.t. no constraints
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Linear programming (N variables, M constraints)

Add loaarithmic barrier:

min: c x4+ coxo + -+ cyen
+elog(by — (apz1 +ayors + - +ay oy - -+ ap nTy)) >0
+elog(by — (az 1@y + agowg + -+ asjrj -+ azNTN)) =0

+elog(bay — (aar iy + anrows + - - +apjrj - - +aynry)) =0
s.t. no constraints

Gradient:
Cl U1

Vilri,ao,- ,xn) = : +

CN UN

Linear programming (N variables, M constraints)

Gradient: ‘o o
€2 V2
Vf(il,‘l. Ty, I‘N) = . +
({j\-‘r 'U‘a’\;'
Components of the gradient:
a1
'[.!1 = £ .
bl_(a1-11‘1+(1142~l‘2+"'+(11jl‘j""‘r‘(llu"\.‘;l“\r)
az 1

—~

c bo—(a2 1x1+a2 2x2+4ag jr;-+az NTN)

apn 1
by —(anr1xi+ap oxa+ans jrj-Fan NTN)

s

+ -
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Linear programming (N variables, M constraints)

Gradient: ‘o o
2 V2
Vf(il,‘l. Ty, I‘N) = . +
C}\-‘Y 'U‘a\;'
Components of the gradient:
Vo = = ay,2
2= - bl_(al.lIl+a‘1.‘21‘2+"'+(l1_jl‘j"-—i—alu\tl“:\r)
a.2

)

' bo—(ag 1w14a2 2wo+-+as jrj-+as NTN)

-

~ an,2
[ 7
by —(answ14an oxot-Fapr jziFan NTN)

Linear programming (N variables, M constraints)

Gradient: c1 V1
) (35
Vi(ry,xg,---san)=| . +
CN UN
Components of the gradient:
- - ai,i
o = bi—(a117w1tag 2rotFay jrj-Fa; NTN)
a2 j
=

" by—(asw1+assrottas T Faz NTN)

-

an.i
bar—(ans1w1+an oxo+-Fap jziFan NTN)




